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P.01. P.12.1 and P.12.2, Messiah:

a) Letaand af be two Hermitean conjugate operators such that [a,at] = 1. We put N = afa.
Show that:
(i) [N,aP] = —paP; [N, (a")P] = +p(a’)?, with p > 0 and integer;
(i) the only algebraic functions of a and a' which commute with N are the functions of N.

b) Show that the operators a and a' of Problem 12.1 (above) have no inverse.

P.02. P.12.3, Messiah:

Form the matrices representing the operators ¢ and p in the N representation (notation of Ch.
XI1.5). Verify that they are Hermitean and satisfy the commutation relation (XII.2).

Set up the eigenvalue problem of ¢ operator in this representation; show that the spectrum of
q is nondegenerate continuous and extends from —oo to +00. Form explicitly the eigenvector
corresponding to the eigenvalue 0.

P.03. Ex.10.13, Ex.10.17, Ex.10.20, and Ex.10.26, Merzbacher:

a) Using the property D! aD, = a + a, show that for any coherent state |a),
Dgla) = Cla+ ),
where |« + 3) is again a coherent state and C is a phase factor. Interpret this result in
terms of the complex eigenvalue plane (Figure 10.1).
b) Prove Eq. (10.111):

1 1
- /d2a|a><a| == /dRea dim«a |a){al = 1.
™ ™

This is most easily done by expanding the coherent states in terms of the harmonic oscil-
lator eigenstates, using (10.109) and plane polar coordinates in the complex « plane.

c) For a coherent state |a), evaluate the expectation value of the number operator afa, its
square and its variance, using the commutation relation (10.72): [a,a!] = 1. Check the
results by computing the expectation values of n, n2, and (An)? directly from the Poisson
distribution (10.110).



d) Prove that the operators a and b,
a=X—vbl,  al =Xl — b,
are related by a unitary transformation
b=UaUT,
where
U=expl[(a® — (aT)2) /2] and et =+

Show that U transforms a coherent state into a squeezed state.
Hint: Use identity (3.54).

P.04. P.3.3, Merzbacher:
Consider a linear harmonic oscillator with Hamiltonian

pi 1
H=T+V =%+ —mw?z?
2m = 2
a) Derive the equation of motion for the expectation value {x);, and show that it oscillates

similarly to the classical oscillator as

<pac>0

(x)y = (x)o coswt + sin wt.

b) Derive a second-order differential equation of motion for the expectation value (T' — V),

by repeated application of Eq. (3.44) and use of the virial theorem. Integrate this equation
and, remembering conservation of energy, calculate (x?);.

c) Show that

Apy)?
(Az)? = (z%); — (x)? (Axz)2 cos® wt + ( 5 )20 sin? wt
m2w

sin 2wt

+

%(mpz + pa)o = (£)o(Px)o mw

Verify that this reduces to the result of Problem 2 (free particle) in the limit w — 0.



P.05. P.14.6, Merzbacher:
A linear harmonic oscillator, with energy eigenstates |n), is subjected to a time-dependent inter-
action between the ground state |0) and the first excited state:

V(t) = F@)[1){0] + F*(#)|0)(1].
a) Derive the coupled equations of motion for the probability amplitudes (n|¥(t)).
b) If F'(t) = v/2hwn(t), obtain the energy eigenvalues and the stationary states for ¢ > 0.

c) If the system is in the ground state of the oscillator before ¢ = 0, calculate (n|¥(¢)) for
t>0.

P.06. P.12.6, Messiah:
Let us consider an one-dimensional harmonic oscillator of mass m and angular frequency w. At
the instant ¢ = 0, the state of the system is given by

(0 = ex (i ) ex (o) )

where ¢ and p are the position and momentum operators, respectively, qo and pg are constants,
and and |0) is the ground state of the harmonic oscillator.

a) Show that
q0 = (@) = (¥(0)|gl$(0))  and  po = (p) = ((0)p|¢(0)).

b) Determine (G%) = ((0)|¢?]1>(0)) and (p?) = (1(0)|p?|1>(0)). Show that |1(0)) is indeed
a minimum wave packet.

c) Show that the wave function corresponding to the state |¢(0)) is given by

000 = (el ) = (%52) " eww | 000 - e @]

d) With the aid of the identity (XI1.29), show that, apart from a phase factor
i A
6(0) = exp (30 ) exp (— 50 9) 10

where the average values (§): = (¥(t)||¢(t)) of the position operator and (p); =
(Y(t)|p|y(t)) of the momentum operator are respectively given by Egs. (XII.36) and
(XI11.37).

e) Determine the coefficients ¢, of the expansion of the initial state |¢)(0)) in a series of
eigenvectors |n) of the Hamiltonian, i.e., show that

a” 1
70?7 a = Ecl/hwa Eg=— (<p>2 + m2w2<q>2) .
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P.07. P.5.6, Cohen-Tannoudji: Charged harmonic oscillator in a variable electric field.

P.08. P.5.7, Cohen-Tannoudji: Translation operator.

Problemas adicionais:

09. P.12.5, Messiah:
Let x0, wo, and ny be the respective initial values of the average values

x=(? (@)% w=0-®> n=(q+aw)—2{p)q)

relating to a wave packet of an harmonic oscillator. Establish the law of evolution of these mean
values as function of time. Show that they are functions of the form A + B cos 2wt + C sin 2wt,
and that y and w remain constant if, and only if

2 2
1o = 0, wo = M wxo.

10. P.10.3, Merzbacher:
Calculate the value of AzAp for a linear harmonic oscillator in its n—th energy eigenstate.

11. P.10.7, Merzbacher:
If a coherent state |a) (eigenstate of a) of an oscillator is transformed into a squeezed state by
the unitary operator

U = exp [g (a - (J)?)}

calculate the value of ¢ that will reduce the width of the Hermitian observable (a + at)/v/2
to 1 percent of its original coherent-state value. What happens to the width of the conjugate
observable (a — a')/+/2i in this transformation?

12. P.5.1, Cohen-Tannoudji: harmonic oscillator.



13. P.9.9, Desai:
By expanding the exponential exp(ikx) in powers of = determine the ground-state expectation
value (0| exp(¢kx)|0) and the transition probability amplitude (n|exp(ikz)|0).

14. P.9.11, Desai:
Show that

_or
" Bal’

by first proving it for F'(b) = b", where b = a, af.

and [aT,F(a)] = _oF

[a, F(aT)] 9a

15. P.10.11, Desai:
Determine the propagator function between two coherent states given by

(] exp(—iHot/h)|B),

where H is the Hamiltonian of the harmonic oscillator.

16. P.10.13, Desai:
Show that
[exp(izop/h), a] = wo\/mw ]2k explizop/h).

From this obtain (n|exp(izop/h)[0).

17. P.12.1, Desai:
From
iqh
[vi,v;] = %GijkBk

and the Hamiltonian

2
1 1 1
H=_-mvi=_—(p——qA
2"V 2m<p cq>’

use the Heisenberg equation of motion to show that if the magnetic field B is a constant then
dv e
— = —(vxB).
dt mc( )
Take B = BZ and derive the equations for v,, vy, and v,. Show that v, and v, satisfy the
harmonic oscillator equations while v, satisfy the free particle equation.



18. P.2.15, Sakurai:
Consider a function, known as the correlation function, defined by

C(t) = (x(t)z(0)),

where x(t) is the position operator in the Heisenberg picture. Evaluate the correlation function
explicitly for the ground state of the 1-D harmonic oscillator.

19. P.2.16, Sakurai:
Consider again a 1-D harmonic oscillator. Do the following algebraically, that is, without using
wave functions.

a) Construct a linear combination of |0) and |1) such that (x) is as large as possible.

b) Suppose the oscillator is in the state constructed in (a) at t = 0. What is the state vector
for t > 0 in the Schrédinger picture? Evaluate the expectation value (z) as a function of
time for ¢t > 0 using (i) the Schrodinger and (ii) the Heisenberg pictures.

c) Evaluate ((Axz)?) as a function of time using either picture.



